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Multiplexer Channel-Separating Units Using Interdigital
and Parallel-Coupled Filters

G. L. MATTHAEI, reriow, 1EEE, AND E. G. CRISTAL, MEMBER, IEEE

Abstract—Design theory is presented for strip-line multiplexer
channel-separating units which have constant-resistance input
impedances so that many units can be cascaded without reflection
effects. Each channel unit consists of an interdigital band-pass filter
and a band-stop filter which uses parallel-coupled resonators. In order
to obtain the desired constant-resistance input impedance, both
filters are designed from singly loaded, maximally flat, low-pass
prototype filters, A trial design was worked out and constructed so as
to have five per cent bandwidth for the separated channel. Excellent
agreement between theory and experiment was obtained.,

I. INTRODUCTION

HE DESIGN OF multiplexers, which separate
Tout frequencies in certain ranges from a spectrum

of signals covering a large range of frequencies, is
a problem frequently encountered in microwave engi-
neering. The separation of the desired frequency bands
can be accomplished by use of band-pass filters, but
special design procedures are required so that the filters
can be interconnected without undesirable interaction
effects. In this paper a design technique is described
that makes use of channel-separating units, each of
which consists of a band-pass filter along with a band-
stop filter. In theory, these channel units present a
constant-resistance input impedance, and as a result a
number of units designed to separate out a number of
frequency bands can be cascaded without harmful in-
teraction effects [1], [2], [3]. The filter structures used
have the additional advantage of being relatively easy
to fabricate.

A sketch of the strip-line multiplexer channel unit is
given in Fig. 1. It consists of an interdigital band-pass
filter and a parallel-coupled-resonator band-stop filter.
In Fig. 1, Z, represents the generator and terminating
resistance. The input impedance Zr is, in theory, ex-
actly equal to Z4 at all frequencies. Thus the load im-
pedance Z, may be replaced by another channel unit,
and a number of channel units may be cascaded.

The basic method for designing a reflectionless multi-
plexer channel unit uses a singly loaded (i.e., with a
resistor termination at one end only) low-pass prototype
filter in the design of both the band-pass filter and the
band-stop filter. The low-pass prototypes for both filters
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BAND-STOP FILTER

Fig. 1. A strip-line multiplexer channel unit.

should have the same number of elements and should
ideally be maximally flat in the pass band,! in order for
the derived band-pass and band-stop filter to be comple-
mentary filters (that is, filters having input impedances
whose imaginary parts cancel and whose real parts add
to give a constant). Herein the two filters are connected
in series, giving an input impedance for the channel
unit which is a constant resistance equal to the gen-
erator resistance. A proof for this constant-resistance
input-impedance property is given in the Appendix.

II. SynTHESIS METHOD FOR THE BAND-STOP
FiLTER UseEDp IN THE CHANNEL UNIT

The synthesis procedure for the realization of the
band-stop filter of the channel unit is basically the exact
synthesis method of Ozaki and Ishii [4], and of Schiff-
man and Matthaei [5]. However, it is fundamental to
the design theory presented in this paper that an alter-
nate method of applying Kuroda's Identity to that pre-
viously given [5], [6], be used in the synthesis of the
band-stop filter of the channel unit.

The reasons for using an alternate method of apply-
ing Kuroda's Identity are as follows: The band-stop
filter design equations of Schiffman and Matthaei [5]
were derived by starting from a lumped-element low-
pass prototype filter, then converting this low-pass
filter into a band-stop filter by use of a tangent-function
mapping. The mapping function converted shunt
capacitors into shunt, open-circuited stubs, and series
inductances into series, short-circuited stubs. The input
impedance of this filter had the properties desired for
use in multiplexer channel units, but the series stubs in
the structure were impractical to build. Kuroda’s Iden-
tity [4], [5], [6] was then used to feed sections of line
into the structure from both ends, so as to yield a modi-
fied structure having the form of shunt stubs separated

1 Tt would also be satisfactory for many applications to use singly
loaded filters with small Chebyshev pass band ripples. This would,
however, cause the input impedance to deviate from the desired
constant resistance.
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by sections of lines (the stubs and lines all being a
quarter-wavelength long at mid-stop-band). Feeding
the extra sections of line in from both ends of the filter
had the effect of altering the input impedance charac-
teristic at both ends of the filter. In the case of a band-
stop filter having a sizeable stop-band width, these
altered input impedances would have added series- and
shunt-resonance effects that would disrupt the per-
formance of the band-pass filter in the multiplexer
channel unit.

In order to eliminate this problem, an alternate
method of applying Kuroda’s Identity was proposed.
In the alternate method, the Identity is applied from
the load end only (i.e., from the end away from the
band-pass filter). In this way the input impedance Z, of
the band-stop filter is a simple tangent-function map-
ping of the input impedance of the prototype filter. That
is, if Z(w') is the input impedance of the prototype
filter, then Z,=Z[A tan (mw/2ws)] is the input im-
pedance of the derived band-stop filter as indicated in
Fig. 2. The symbols used as the argument of the im-
pedance function are defined below:

w’ is the frequency variable of the low-pass proto-

type filter.
w,” is the cutoff frequency of the low-pass prototype
filter.
w is the frequency variable of the band-stop filter.
wo 1is the center frequency of the band-stop filter.
A is a scaling parameter that is defined by

A = ! tan [(x/4)w]. (1)

The symbol W in (1) is the fractional stop-band width of
the band-stop filter. It is defined by
Wy ™ W1

W= — (2)

o

where we and w, are the upper and lower cutoff frequen-
cies of the band-stop filter corresponding to w;’ of the
low-pass prototype filter.

By using this alternate method, both the band-pass
and band-stop filter may be synthesized from singly
loaded low-pass prototype filters, which should permit
close realization of the desired theoretical performance.
The alternate method of applying Kuroda’s Identity is
shown schematically in Fig. 2. The example in Fig. 2
uses a singly loaded prototype, since the primary use of
the alternate method will probably be in its application
to design of multiplexer channel units. However, this
technique can also be used for doubly loaded prototypes.
When the alternate method of applying Kuroda’s
Identity is used, the previously presented exact synthesis
design formulas [5] and tables of & parameters [6] do
not apply. However, the algorithm [6] for computing
the # parameters of band-stop filters remains valid and
can be easily adapted to include the case where Kuroda's
Identity is applied from the load end only. Only two
modifications to the algorithm are necessary in order to
use this alternate design method:
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Fig. 2. Stages in the transformation of a singly loaded, low-pass,
prototype filter into a band-stop, transmission-line filter. (a)
Singly loaded prototype. (b) Mapped prototype. (c) After applying
Kuroda’s Identity to Y; and Zi in (b). (d) After applying
Kuroda's Identity to Z; and Z12’ and to Zy’ and Zs; in (c).

1) The determination of the parameter P is now
given by?

P=n—1 3)

for both z even and odd, where # is the number of reac-
tive elements in the low-pass prototype filter.

2) hl = gl,. (4:)

All other details of applying the algorithm are as previ-
ously described [6].

An example will now be given of the calculation of the
h values of a three-resonator, 0.05-fractional-band-
width, band-stop filter based on a maximally flat proto-
type [7], [8].2 The results will be used in the synthesis
of a trial channel unit in strip line which is described in
Section IV.

2 See Cristal [6], p 370, for the significance of the parameter P.

3 The g; values for singly loaded low-pass prototype filters given
in [7] and [8] are numbered so that the resistive load element is given
by go, and the adjacent reactive element is then denoted by g1, and
so on. In order to use these element values in the algorithm, and in
order to make the notation conform to that in Fig. 2(a), the sub-
scripts of the g's in [7] and [8] should be altered according to the rule

g = LZnp¢

where # is the number of reactive elements in the low-pass prototype
filter.
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TABLE I
g: AND g;’ VALUES FOR A MaxiMALLY FLAT SINGLY LoaDED Low-PAss ProToTYPE FILTER (7], {8]

| 25=0.500 | gi=(load)=1.0

| g5’ =0.019645 { 2/=1.0

0= ’ 21=1.500 1 0=1.333
g/ = ' &'=0.058935 ‘ 22’ =0.052386
2P + 1 COLUMNS
A
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a 8, ~
2 g - 10 0 1 0 1
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Fig. 3. Computation matrix for % parameters of a

singly loaded band-stop filter.
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Fig. 4. (a) Open-wire-line, band-stop filter. (b) Its

parallel-coupled strip-line equivalent.

The g and g’ values used in the example calculations
are given in Table I. Recall that g and g’ are related

by [6]
g/ = gwi tan (% w). (5)

The parameter P, given by (3), is
P=n—-1=3—1=2. ()

The computation matrix [6] is shown in Fig. 3. The
parameter /; is given according to (4) by g and is
therefore equal to 0.05894.

The transmission-line filter corresponding to the %
values given in Fig. 3 is shown in Fig. 4(a), and its exact
realization as a parallel-coupled-resonator strip-line
filter is given in Fig. 4(b). Design equations that relate
the admittances of the transmission lines and stubs of
the filter shown in Fig. 4(a) to the normalized self and
mutual distributed capacitances of the coupled reso-
nators in Fig. 4(b) are given in [5]. From these equa-
tions the band-stop filter may be constructed [5].

I1I. Ture Banp-Pass FILTER AND THE
INTERCONNECTION

Figure 5(a) shows an interdigital band-pass filter such
as is used in the multiplexer channel unit in Fig. 1.
Equations for the design of filters of this type irom
low-pass prototype filters are presented in Matthaei
[9]. Note that the interdigital filter structure in Fig.
5(a) is of the type that uses short-circuited input and
output lines, which act as impedance transforming sec-
tions (not as resonators) [9]. Thus, the structure shown
is a three-resonator filter (any number of resonators
may be used, of course), the resonators being formed
from Lines 1, 2, and 3. This form of interdigital band-
pass filter, which uses short-circuited input and output
lines, is most practical for narrow to moderate band-
widths [9].

Figure 5(b) shows an equivalent circuit for the filter
in Fig. 5(a). Though this equivalent circuit involves
some approximations [9] it has been found to give very
good accuracy in representing the performance of inter-
digital filters of the form shown in Fig. 5(a). Two parts
of this equivalent circuit are not evident in Matthaei
[9]. These are the lengths of transmission line of length
6 and characteristic admittance ¥4 at each end of the
filter. The exact equivalent circuit in Fig. 21 of Mat-
thaei [9] should have included such a length of line
between the ideal transformer and the load conductance
V4 at the left in the open-wire circuit, in order for the
open-wire equivalent circuit to be exactly-equivalent to
the parallel-coupled-strip circuit in all respects. How-
ever, the discussion in Matthaei [9] was only concerned
with the tnput admitiance seen looking in from the right,
so the presence of this section of matched transmission
line was of no importance for that analysis. But for the
present situation, the presence of this length of line is of
importance in understanding the operation of the
multiplexer channel unit. [Note that points 7" and D
in Fig. 5(a) correspond to points T and D indicated in
Fig. 5(b).]

In order to use a filter of the form in Fig. 5(a) in a
band-pass-plus-band-stop filter connection such as that
in Fig. 1, it is necessary to break the ground connection
on line 0 at point B indicated in Fig. 5(a). By study of
various parallel-coupled line configurations and their
known, exact, open-wire equivalent circuits [10], it was
determined that at least to an excellent approximation
(and probably as an exact equivalence), breaking the
circuit in Fig. 5(a) at point B, and inserting an added
impedance between the end of line 0 and ground, has
the effect of breaking the circuit in Fig. 5(b) at the indi-
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Fig. 5. Aninterdigital filter and its open-wire-line equivalent circuit.
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Fig. 6. Open-wire equivalent circuit for the
multiplexer channel unit in Fig. 1.

cated point B, and inserting the added impedance in
series with the ideal transformer.

Making use of the equivalent circuits in Figs. 4(a)
and 5(b), along with the foregoing observation, we see
that the multiplexer channel unit in Fig. 1 has the open-
wire equivalent circuit shown in Fig. 6. Note that in
this circuit the connection at point B in Fig. 5(b) has
been broken, and the input terminals of the band-stop
filter circuit have been connected so as to reclose the cir-
cuit. Note that looking left from the left half of the bi-
sected Point B, a constant-resistance Z4 will be seen
since the transmission line of characteristic impedance
Zg4 is terminated in a matching generator impedance
Z 4. The ideal transformer at the input of the band-pass
filter has an impedance-level-transforming effect, but
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otherwise has no effect on the character of the input
impedance to the band-pass filter. Thus, the impedance
Z, associated with the band-pass filter is of the form
typical of a band-pass filter that starts out with a
shunt, band-pass resonator. The band-stop filter starts
out with a shunt, band-stop resonator, which makes the
two filters of the proper form for series interconnection.
(Note that if the band-stop filter started out with a
series band-stop resonator branch, it would present an
open circuit at resonance, which would disrupt the per-
formance of the band-pass filter.)

If the band-stop filter is designed from a singly
loaded, maximally flat low-pass prototype filter using
the methods described in Section II, and if the band-
pass filter is designed using the same low-pass prototype
and for the same 3-dB bandwidth as the band-stop
filter, then the input impedances Z, and Z, will be
complementary. This means that the imaginary parts
of these impedances will cancel, while their real parts
will add up to a constant such that

Zp+ Zo = Za4. (7)

Thus, as has been previously mentioned, it is possible
(at least to a good approximation) for the input im-
pedance of multiplexer units of the form in Fig. 1 to
have a perfect impedance match with respect to the line
impedance Z, at all frequencies.

The perfect impedance match described above is con-
tingent upon the use of singly loaded, maximally flat
prototype filters. However, in some cases it may be
desirable to use singly loaded, Chebyshev low-pass pro-
totype filters instead, as a basis for design. In this case
the input VSWR of the multiplexer channel unit would
not be as good (though it would be acceptable for most
applications), but the filters would have the advantage
of more uniform pass-band attenuation and sharper rate
of cutofi, as is typical of Chebyshev filters in comparison
to corresponding maximally flat filters. If Chebyshev
filters are used, they should also be designed so that the
band-stop and band-pass filters have the same 3-dB
bandwidth.

The design equations in Table II of Matthaei [9] can
be used without any changes, for the design of band-
pass interdigital filters of the form in Fig. 1. However,
some additional comments are required with respect to
the use of the singly loaded low-pass prototype element
values in Matthaei, et al. [7], (and similar comments
apply with respect to those in Weinberg [8]). First, the
element values in Matthaei, et al. [7}], are numbered, so
that the resistive load element is go=1, the adjacent
reactive element is gy, and the element values are num-
bered consecutively up to g., which is the reactive ele-
ment adjacent to the generator; and g, = © is the in-
ternal impedance (or, for the dual case, internal admit-
tance) of the generator. To correspond to the notation
in Fig. 5 and in Matthaei [9], we wish to reverse the
order of numbering all these element values so that
go= o, and so on consecutively to guy1=1. Now for
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TABLE II
) DIMENSIONING OF FILTERS IN CHANNEL UNIT
(a) Band-pass filter rod diameters and center to (b) Band-stop filter rod diameters and center to
center spacing in inches center spaging in inches

. Center to Center Diameter of Rod & Center to Center

k o Radd b Spacing (ci,eu1) of k Spacing (ci.i) of
Rods £ and 241 ke Rod ky Rod k. Rod and %; Rod

0 0.331 0 0.486 1 0.332 0.215 1 » 0.663
1 0.217 1 0.792 2 0.336 0.219 2 0.686
2 0.224 : 3 0.344 0.237 3 0.846
3 0.203 2 0.674
4 0.318 3 0.384 Ground Plane Spacing 0.625

computing an interdigital filter design such as that in
Fig. 5, we want the impedance Z, looking into the filter
to be that of a filter designed so that it would give a
prescribed maximally flat (or Chebyshev) response if
driven by an infinite-internal-impedance current gen-
erator. However, in this application we are not actually
going to drive the filter from a current generator, but
instead, from a source of impedance Z4. For this reason
we must change the prototype driving source impedance
from go= o t0 go=g.+1=1. After reversing the order of
numbering of the element values as described, and then
setting go=g,11=1, the prototype element values can
be used directly in Table II of Matthaei [9], and the
band-pass filter design worked out as described in that
paper. As is indicated in Fig. 1, line 0 in Fig. 5(a) be-
comes part of the main transmission line in the com-
pleted multiplexer channel unit.

IV. Triar MULTIPLEXER CHANNEL UNIT IN
StrIP LINE

Based on the theory and design techniques presented
in Sections II and III a multiplexer channel unit was
constructed in strip line. The filters of the channel unit
were based on a three-resonator, singly loaded, max-
imally flat low-pass prototype. The design center {re-
quency was 1.5 Ge, and the design fractional bandwidth
was 0.05. The interdigital band-pass filter and the
parallel-coupled-resonator band-stop filter were both
constructed using round rods between parallel ground
planes [11].

A drawing of the channel unit, showing important
dimensions of the filters, is given in Fig. 7, while Table
IT gives additional dimensions. A photograph of the con-
structed channel unit with its top ground plane removed
is shown in Fig. 8.

The band-stop filter was tuned by individually
resonating each of the band-stop filter resonators while
the remaining two were detuned. Resonance was deter-
mined by tuning for minimum transmission from Port 1
to Port 3. Initial tuning of the band-pass filter was
accomplished using the alternating short-circuit and
open-circuit procedure [12], [13]. Fine tuning adjust-
ments were made by observing the reflected wave of
the channel unit using an electronically swept frequency
source, a reflectometer, and an oscilloscope.
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Drawing of the trial multiplexer channel unit in strip line.

Fig. 8. Photograph of the trial multiplexer channel unit
with its cover plate removed.

The VSWR of the channel unit (at Port 1) from 1 to
4 Gc is given in Fig. 9. An expanded frequency scale is
also shown in this figure, giving the VSWR in the vicin-
ity of the pass band of the interdigital filter. It is seen
to be better than 1.25 everywhere in the 1-to-4-Gc inter-
val. The sinusoidal variation of VSWR seen in Fig. 9 is
due primarily to the junction effect of the transitions
associated with the type-N connector at Ports 1 and 3,
although there is some contribution to the VSWR from
the connectors themselves as well as from the termina-
tion at Port 3. The maximum magnitude of the sinus-
oidal variation of VSWR suggests that the VSWR of
the transition from coaxial line to the round conductor
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Fig. 10.
between parallel ground planes is approximately 1.1
per transition. This could be reduced by further refining
the transitions. However, the measured results ade-
quately demonstrate the design principles that were to
be shown.

The measured attenuations from Port 1 to Port 3 and
from Port 1 to Port 2 in the vicinity of the pass band of
the band-pass filter are given in Fig. 10. The attenua-
tion at the band-center frequency, 1.5 Gc, is 0.38 dB.
This value compares favorably with that given by a
first-order formula for the attenuation of the band-pass
filter of a channel unit at center frequency:

4,340 nog 1
(La)o = [( > > + - } dB (8
w 7=1 Qui Qlulgl
where
(Ls)o is the attenuation in dB at the center fre-

quency
w is the fractional bandwidth
wi’ s the cutoff frequency of the low-pass proto-
type filter
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Q.; s the unloaded Q of the ith resonator of the
band-pass filter
Q., isthe Q of the first resonator of the band-stop

filter

g:; is the ith element value of the low-pass proto-
type filter used for designing the band-pass
filter

21 is the g; element value of the low-pass proto-
type filter used for designing the band-stop
filter.

Using the same unloaded Q of 1000* for each of the
resonators and (8) gives a calculated value of 0.347 dB
for LAO—

From Fig. 10, it is seen that the crossover frequencies
occur virtually at the 3-dB points, and that the 3-dB
fractional bandwidth is

<1.536 — 1.463

—~—~——> = 0.0488,
1.536 + 1.463

which is in good agreement with the design value of 0.05.

V. CONCLUSIONS

The multiplexer channel unit in strip line was found
to have a VSWR and an attenuation response that cor-
responded excellently with that predicted by the theory.
The off-band VSWR was sufficiently small (and could
be made smaller by improving the design of the transi-
tions from the type-N connectors to the round ccn-
ductor between parallel ground planes) to enable several
channel units to be cascaded without undue interaction
effects. Use of the new method of designing the band-
stop filter of the channel unit resulted in a measured
bandwidth of both filters that was accurately predicta-
ble from the theory. Aligning of the channel unit was
straightforward and is not made appreciably more com-
plicated by adding more resonators.

APPENDIX

Proor THAT SERIES-CONNECTED MAXIMALLY FLAT,
SiNcLY LoADED FiLTeERS CAN GIVE A CONSTANT-
REsISTANCE INPUT IMPEDANCE

Let us first consider the case of lumped-element LC
low-pass and high-pass filters such as might be used in
a lumped-element diplexer. A singly terminated, maxi-
mally flat, low-pass filter having a one-ohm resistor at
one end and an infinite-internal-impedance current gen-
erator (of current I,) at the other end would deliver
power P to the resistor in accordance with

P=|I,]*Re Z, (8)
where
Re Z; = -—L—— ) (9)
14 o™

*+ A Q. of 1000 represents a typical value of unloaded Q for strip-
line resonators of the type used.
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Z 1, is the input impedance seen from the current gen-
erator, w is the radian frequency, and # is the number
of reactive elements in the filter. Thus, we see that Re
Zy gives the power transfer function, and the 3-dB
point occurs where w=1 (and Re Z;=0.5). To obtain
Re Zy for a corresponding high-pass filter having a 3-dB
point at w=1, we map (9) by replacing w by 1/w which
gives

wzn

Re Zy = ——— -
T e

(10)

If these two filters are connected in series, the real part
of the total input impedance Zr will be

1 w?n
Re ZT = + = 1.

1
14w 14 o (D

Thus we see that the real parts add to one at all fre-
quencies.

The next point, which we shall briefly prove, is that
if the real part of a minimum-reactance impedance
(i.e., an impedance having no poles on the jw axis) is a
constant vs. frequency, then its imaginary part is zero.
For reasons indicated later in the paper, Z; and Zy are
minimum-reactance impedances, so Zr is also a mini-
mum-reactance impedance. Thus in view of (11),

Zp =25+ Zy=1 (12)
at all frequencies w, and the filters are said to be comple-
mentary.

The poles of Z are the natural frequencies of vibra-
tion when Z;, is driven by a current generator, and for
a maximally flat filter of the type under discussion the
natural frequencies of vibration are well known to lie on
a semicircle in the left half of the complex-frequency
plane. Because there are no poles of Z;, on the jw axis,
Z; is a minimum-reactance impedance. Zy is also a
minimum-reactance impedance for similar reasons.

To prove that Im Zy=0 for all w if Re Zr=(a con-
stant), we invoke equation (8.05-3) of Tuttle [14],
which in our notation is

Im Z7(w) = _1f°° ReZz(r) — ReZu(w) an.

T A—w

(13)

(This relation applies only to minimum-reactance im-
pedances.) Since Re Zz(\) =Re Zr(w)=1 for all A and
w, the integral must equal zero.

If a low-pass-to-band-pass transformation is applied
to the filters previously discussed, the low-pass filter
will become a band-pass filter, and the high-pass filter
will become a band-stop filter. This mapping process
would distort the frequency scale of Zr from what it
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was before being mapped, but since Zr=1, the mapped
Zp will still be a constant resistance. Thus singly loaded,
maximally flat band-pass and band-stop filters con-
nected in series can also be complementary and give a
constant-resistance input. (Also, a similar proof on the
dual basis applies to the parallel connection of filters.)

In the case of the filters in Fig. 6, the input impedance
Z, of the band-stop filter can be obtained exactly from a
high-pass, lumped-element prototype by use of the
mapping w= —A4 cotd, where 4 is a constant. The band-
pass filter is not obtainable exactly from a conventional
lumped-element prototype, but if the band-pass filter is
designed by the method of Matthaei [9], Z, will be a
close approximation to the impedance obtained by
applying the same w= —4 cot § mapping to a conven-
tional low-pass, lumped-element-filter prototype. Thus
if the prototypes are complementary, the mapped filters
will also be complementary (at least to an excellent
approximation).
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